Micromechanical analyses of unidirectional continuous-fibre reinforced composite materials were performed to study the mechanisms of deformation and fracture of the constituents, and their influence on the mechanical properties of the composite. Special focus was given to the matrix material behaviour as well as to the interface between constituents. The matrix was modelled using a pressure dependent, elasto-plastic thermodynamically consistent damage model. Cohesive elements were used to model the interface between matrix and fibres. Part I of this paper details the continuum model developed for a typical epoxy matrix. Part II will focus on micromechanical analyses of composite materials and the estimation of its elastic and strength properties.
Introduction
The definition of a universal failure criteria for composite materials has been a troubling matter for the last decades. Throughout the years, researchers have proposed different analytical criteria based mostly on experimental knowledge. Some of the most promissing failure criteria have been compared recently in a world wide initiative to identify not only the best criteria but also the still existing pitfalls (Hinton and Soden, 1998) .
Most of the criteria were dependent on specific empirical parameters, thus not performing so well in comparison with other criteria. Others failed to provide accurate predictions due to their own fundamental limitations, and, under some circumstances, it was not possible for some criteria to recreate a loading scheme equivalent to the performed experimental data (Hinton et al., 2002) .
The World Wide Failure Exercise (WWFE), as it became known, provided a batch of recommendations for designers and academics (Soden et al., 2004) in pursue of a reliable and accurate failure criterion for composite materials. Aspects such as mechanical behaviour and failure prediction under combined loading, onset of material failure (whether in the form of first ply failure or leakage failure), and laminate deformations (mainly under large and/or non-linear deformations) were studied and recommendations have been issued for each of them (Soden et al., 2004) .
A comparison between the different failure criteria was performed and a ranking system established. Puck and Schürmann (1998) , Zinoviev et al. (1998) , and Liu and Tsai (1998) were considered the most recommendable criteria. But not even these were to be recommended for all of the studied loading scenarios. Not only the criteria themselves presented some shortfalls but also the experimental programme used to evaluate the failure criteria was not free of weaknesses. The complexity in performing combined stress tests and the difficulty to properly identify initial failure stresses, damage propagation and failure modes were among the most frequent problems encountered throughout the experimental programme.
Micromechanical analysis allows for a detailed insight of the mechanical behaviour of a composite by considering the influence of each constituent. If a proper constitutive model is developed for each constituent of a composite and special attention is given to the interface between constituents, by using a combination of micromechanical analyses and homogenisation techniques it is possible to perform a thorough study of the mechanical behaviour of a composite under any kind of load combination. These results can be used to assess the validity of any failure criterion, thus surpassing the limitations of experimental procedures such as the ones encountered in WWFE (Soden et al., 2004) .
Several contributions in this field have been recently provided. Llorca and co-workers (e.g., González and LLorca, 2007; Canal et al., 2009; Totry et al., 2008a,b) have been conducting micromechanical analyses on representative volume elements (RVEs) by applying an elasto-plastic constitutive model to the matrix and implementing cohesive elements in the interface between fibre and matrix. Different loading conditions have been studied by Llorca et al. and the non-linear behaviour of the composite was well captured and studied. Vaughan and McCarthy (2011) performed a similar analysis but considered the effects of residual thermal stresses and fracture energy of the cohesive elements in the initiation and propagation of damage under a transverse tensile load. One issue in these works that remains unclear is the consitutive model which should be used for the matrix material modelling. The DruckerPrager model or the Mohr-Coulomb model have been often used, but experimental evidence reveals that neither of these models capture properly the constitutive behaviour of an epoxy matrix (Ghorbel, 2008) . This paper is presented in two parts. The first part is dedicated to the development and implementation of a constitutive model for epoxy matrices. This model uses a thermodynamically consistent elasto-plastic with damage material law. The second part will be focusing on the application of this constitutive model to micromechanical analyses of representative volume elements of unidirectional composites under different loading conditions.
Constitutive modelling
The three-dimensional RVE considered here contains two different materials -the fibres and the embedding epoxy matrix -and the interface between fibres and matrix. The following is the definition of the constitutive model for a typical epoxy matrix.
Linear elasticity
The initial elastic behaviour is defined by a linear relation between the stress tensor, r, and the elastic strain, e e :
where D e is the standard isotropic elasticity fourth-order tensor. In terms of the deviatoric stress tensor, S, and hydrostatic stress, p ¼ 1=3 tr r ð Þ, the elasticity law reads:
where G is the shear modulus, K is the bulk modulus and e e d and e e v are, respectively, the elastic deviatoric strain tensor and elastic volumetric strain.
Yield criterion
The epoxy resin is modelled using an elasto-plastic with damage constitutive model based on the paraboloidal yield criterion by Tschoegl (1971) which can be defined as:
where r c and r t are the compressive and tensile yield strengths, respectively, J 2 ¼ 1=2 S : S is the second invariant of the deviatoric stress tensor, S, and I 1 ¼ tr r ð Þ is the first invariant of the stress tensor. A non-associative flow rule is used allowing for a correct definition of the volumetric deformation in plasticity:
where r vm ¼ 
where the parameter _ c represents the time derivative of the plastic multiplier that has to be consistent with the classical loading/ unloading conditions:
The incremental form of the flow rule is given by:
Under an uniaxial tensile load, the deviatoric stress tensor is defined by:
S ¼ 
Substituting in Eq. (7):
From Eq. (9), the volumetric and longitudinal plastic strains are given by:
In a uniaxial tension test, the transverse plastic strain is defined by:
where m p is the plastic Poisson's ratio. Using Eq. (11), the volumetric plastic strain can also be defined by:
Replacing Eq. (10) into Eq. (12), a relation between the parameter a and the plastic Poisson's ratio is obtained:
If the parameter m p is determined from a standard tension test, the material parameter a is uniquely defined. The flow rule is now fully characterised and the increment of plastic strain can now be defined, in tensorial notation: 
Hardening law
Following the experimental results obtained by Fiedler et al. (2001) , and since only tension and compression yield strengths are being explicitly used to define the yield surface, hardening will be considered to affect both of these yield strengths. Hardening is considered dependent of the equivalent plastic strain:
These two hardening functions are provided by two piece-wise functions. The increment of equivalent plastic strain is defined by:
The constant k varies with the yield criterion being implemented and ensures that the equivalent plastic strain is equal to that obtained in a simple uniaxial case. For the criterion implemented here, k is obtained as:
Integration algorithm
The numerical integration of elasto-plasticity constitutive equations is typically carried out by means of an elastic predictor/return mapping scheme. Such methodologies are extensively described by Simo and Hughes (1998) and Neto et al. (2008) .
The integration of the paraboloidal criterion is simpler than many other existing criteria. This simplicity stems from the fully differentiable yield function. One other aspect is the symmetry of both yield surface and flow potential about the hydrostatic axis. A general return mapping algorithm is used. Let us consider a typical Gauss point of the finite element mesh within a (pseudo-) time interval t n ; t nþ1 ½ .
Having the values of the variables at t n and given the strain increment De corresponding to the interval t n ; t nþ1 ½ , the numerical algorithm should obtain the updated values at the end of the interval, t nþ1 . The stress tensor at increment t nþ1 can be defined by:
where the last term corresponds to the plastic corrector. The term r tr nþ1 represents the trial stress tensor, defined by:
which in its turn can be split in its deviatoric and volumetric components:
As a consequence of the symmetry about the hydrostatic axis, Eq. (19) leads to a return vector always parallel to the plane that contains r tr nþ1 and the hydrostatic axis. Thus, without any loss of generality, the return mapping algorithm can be formulated in such a plane of the stress space, leading to a simplification of the mathematical treatment of the elasto-plastic constitutive model.
Replacing the increment of plastic strain defined in Eq. (14) in Eq. (19), the following stress update formula is obtained:
Splitting Eq. (22) into its deviatoric and volumetric components (the subscript ''n þ 1'' corresponding to values at the end of the increment will be dropped from this point onwards for the sake of clarity):
For simplification of writing, the denominators in Eqs. (23) and (24) are redefined as:
The consistency condition defined by the yield surface Eq. (3) becomes defined by:
The two yield stresses in Eq. (26) are a function of the equivalent plastic strain whose increment was defined in Eq. (17). Applying Eqs. (14) and (18), the increment of equivalent plastic strain is defined for the present model as:
where the radicand under the second square root will be defined from now on by the parameter A, which is a function of the increment of the plastic multiplier, Dc.
Eqs. (28) and (26) can now be written in function only of Dc. Therefore, the return mapping procedure, under any stress state, is reduced to the solution of a single non-linear equation. However, this is not a closed form solution. In order to determine Dc, the Newton-Raphson iteration scheme will be used. For that, it is required to differentiate the consistency condition with relation to Dc:
The two derivatives of the yield strengths with relation to Dc can be determined by applying the chain rule: (30) and (31), the derivative of the equivalent plastic strain must be determined:
Now the increment of plastic multiplier, Dc, can be determined by applying the Newton-Raphson scheme to Eq. (26).
Consistent tangent operator
In the elastic regime, the consistent tangent operator is given by the stiffness matrix of the material in its pristine condition. The consistent tangent operator in the plastic regime is deduced following a similar procedure as above, in which the derivatives of the stress update formulas (23) and (24) must be determined, as well as the global derivative of the plastic multiplier Dc, by differentiating the consistency condition (26). The final equation for the consistent tangent operator is given by:
where I 4 represents the deviatoric fourth-order identity tensor and the constants b; u; q; v, and w are given by:
Damage model
Isotropic damage is also considered for the matrix. A single damage variable that affects the stiffness of the material once activated is used. In the light of the thermodynamics approach to be followed here, it is necessary to first define the complementary free energy density in the material. This is a scalar function, positive definite, and it must be zero at the origin with respect to the stresses (Malvern, 1969) . In order to achieve an isotropic damage model, the following definition for the complementary free energy density is proposed:
where E m and m m are the Young's modulus and Poisson's ratio of the matrix, respectively. Only one damage variable, d m , is being considered here, and it affects only the Young's modulus of the material. The quantity G P m represents the contribution of plastic flow to the stored energy, and is computed internally during the numerical analysis. This contribution, although not explicitly defined, has been considered in the numerical implementation of the plasticity model.
To ensure the irreversibility of the damage process, the rate of change of the complementary free energy must be greater than the externally applied stresses:
Eq. (36) represents the positiveness of the dissipated energy required by any constitutive model (Malvern, 1969) . Expanding the equation after application of the chain rule of derivation and recalling the symmetry of both stress and strain tensors:
Ensuring positive dissipation of the mechanical energy requires the expression in between brackets in Eq. (37) to be equal to zero. In other words, the strain tensor is given by the derivative of the complementary free energy density with respect to the stress tensor:
where G m is the shear stiffness of the matrix. For easiness of implementation, the strain tensor will be defined using engineering shear strains. The terms in Eq. (38) can be rearranged in order to obtain the compliance tensor of the material: 
Inverting the compliance tensor, H m , the stiffness tensor, C m , can be defined: 
The stiffness tensor in Eq. (40) will allow to perform the stress update based on the increment of elastic strain and on the damage progression. Before that, damage onset needs to be defined. The damage activation function is defined by a similar equation as the yield criterion, but using final strengths instead of yield strengths and the concept of effective stress tensor, i.e. the stress tensor calculated using the undamaged stiffness tensor:
where / d m represents the loading function and r m is an internal variable related with the damage variable, which is equal to one before damage activation and greater than one once damage is activated. The loading function is defined by:
where X c m and X t m represent the compressive and tensile strengths of the material, while the invariantsJ 2 andĨ 1 are determined using the effective stress tensor defined according to:
After damage onset, the evolution of damage can be measured by the rate of energy dissipation per unit volume:
The complementary free energy definition presented in Eq. (35) assures that the thermodynamic force, Y m , is always positive:
It can be concluded that the condition of irreversibility of damage, _ d m P 0, is sufficient to fulfill the second law of thermodynamics. In the elasto-plastic regime, the damage activation function is negative, F d m < 0. When the damage criterion is activated, the condition F d m ¼ 0 must be satisfied. Just like in the plastic regime, there is also the need here to apply Kuhn-Tucker conditions in order to distinguish loading and unloading situations. These are written in function of the internal variable and the damage activation function:
In order to distinguish loading from unloading situations and determine if there is damage evolution or not, the gradient of the loading function, _ / d m must be determined. If _ / d m 6 0, the state is one of unloading; if the gradient is positive, then there is damage evolution, and the following consistency condition must be satisfied:
Under the conditions that the internal variable depends exclusively of the damage variable and that the loading function is defined in terms of the strain tensor, the constitutive model can be explicitly integrated (Simo and Ju, 1987a,b) . From the consistency condition in Eq. (49), it can be demonstrated that the internal variable is given by:
In order to complete the definition of the damage model, the relation between the internal variable, r m , and the damage variable, d m , must be given. This relation is called the damage evolution law and will establish the rate of evolution of damage. While the material is in an undamaged condition, r m ¼ 1, which leads to d m ¼ 0. Eq. (50) imposes that when damage progresses in the material, _ r m P 0 and condition (46) for positive dissipation is satisfied if _ d m P 0. This last condition can be fulfilled if the damage evolution law satisfies the condition:
When the material is completely damaged, the damage variable will assume the value of 1 while the internal variable r m will tend to infinity. When the tangent stiffness tensor is not positive definite, damage localises in a narrow band with the same thickness as the element where damage was activated. Therefore, there is a dependency of the structural response on the mesh size -the smaller the element is in the band of localised damage, the lesser the computed dissipated energy will be. In order to circumvent this problem, Bažant's crack band model (Bažant and Oh, 1983 ) is implemented along with the definition of the damage evolution law. By making use of the characteristic length of the finite element and the fracture toughness, it is possible to regularise the computed dissipated energy:
where W m is the energy dissipated per unit volume, G fm is the energy release rate of the matrix and l e is the characteristic element length. The damage evolution law considered here that respects the two boundaries imposed by the value of the damage variable, d m , when the damage criterion has not been activated yet and when the material is fully damaged, is given by:
where the parameter A m needs to be computed from solving Eq. (52) as a function of the characteristic element length. In other words, the parameter A m will be unique for each finite element in the mesh. This damage evolution law has been chosen in order to force damage localisation and strain softening on the material under a tensile load. Under compressive loading, the influence of the hydrostatic pressure, I 1 , in the computation of the damage internal variable, r m , in Eq. (43), will cause a different evolution of the damage variable. The progression of damage will be softer than in the tensile case, in agreement with the available experimental data (Fiedler et al., 2001 ), which suggests a slower propagation of damage. Eq. (52) is solved numerically using the secant method for nonlinear equations, along with the definition of the damage evolution law in Eq. (53) in order to determine the parameter A m . The improper integral in Eq. (52) is calculated using Simpson's rule. For the implementation of the secant method, and taking care that the parameter A m only possesses physical meaning if greater than zero, the minimisation function is defined by:
where the function f m represents the energy dissipated per unit volume given by the improper integral in Eq. (52) and is dependent of the unknown parameter A m . The initial values to begin this iterative process were chosen as (Maimí et al., 2006) :
2.5.1. Consistent tangent operator In order to obtain a faster convergence rate of the solution for the non-linear damage model presented here, it is necessary to provide the correct consistent tangent operator, C T m , defined by:
To determine the general form of the consistent tangent operator, Eq. (56) can be written as:
Using a three dimensional one-element mesh, and applying the same loading conditions which Fiedler et al. (2001) applied in their experimental programme, it can be demonstrated that the numerical model developed captures the fundamentals of the mechanical behaviour of an epoxy matrix. Fig. 1 provides a comparison of the numerical and experimental values.
As determined by Fiedler et al. (2001) , a significant non-linear behaviour in tension can be observed. This non-linear behaviour is a characteristic behaviour of the bulk epoxy. A similar kind of non-linear behaviour is observed under compression. However, when under compression, it is not obvious the load at which failure of the material is initiated due to the complicated setting that is required for a uniaxial compression test (Fiedler et al., 2001) . As a matter of fact, a plateau of perfect plasticity is reached after an initial non-linear behaviour.
Hardening data for both tension and compression has been extracted from Fiedler et al. (2001) experimental results. Only these two loading curves are required in order to completely implement the numerical model proposed here. Hence, it is by comparing the shear stress-strain curve that full understanding of the possibilities given by the numerical model is achieved. It is possible to observe that the numerical results, for both tensile and compressive stress states, are in close agreement with the experimentally measured values. Therefore, the nonlinear behavior of the epoxy resin under these stress states is properly captured by the model. The numerical prediction not only captures very approximately the shear non-linear behaviour but is also capable of capturing very closely the high shear straining that epoxy materials exhibit. In both numerical and experimental results, the specimen does not reach failure when under a shear load, even for very high values of plastic straining (>30%). It should be underlined that the numerical model accepts any kind of hardening data; there is no limit on this matter and is up to the programmer to choose the material yield behaviour -perfect plasticity, isotropic hardening with or without pressure dependency, or a more pronounced hardening after an initial plateau.
Mesh independency
In order to demonstrate the proper numerical implementation and independence from element size in the mesh, two additional 
Return mapping algorithm: GOTO Table 2  (iv) Update stress tensor:
Check damage activation function:
Update damage variables, stiffness and stress tensors:
(vii) EXIT Table 2 Newton-Raphson iterative algorithm for solution of the return mapping equation, part of the constitutive model for the matrix material.
(i) Set initial guess for Dc Dc ¼ 10 examples are presented. The first one is a very simple one-element test which allows for a theoretical perception of the phenomenon using elements with different sizes. The second one, a more specific application, corresponds to an open-hole test specimen.
One element tests
For this test, three one-element analyses were run. Each element has a cubic shape with the side length varying. The smallest measures 0.01 mm, the intermediate, 0.02 mm, and the biggest measures 0.05 mm.
For the case of one-element analyses, the energy absorbed by the element after complete failure, U, is given by: Substituting in Eq. (62) the following relation for the maximum element size is obtained:
This condition must be verified not only for one-element tests but also for all analyses involving the constitutive model here described. The limit values were checked and the element sizes confer with this condition. For these analyses, a fracture toughness of G f ¼ 0:09 N/mm is used. Fig. 3 shows the stress-strain curves for the three one-element meshes. It can be seen that as the element size increases, the area under the curve is reduced by a factor equal to the ratio of element sizes, i.e. the ratio of areas under the curves for any two element sizes is equal to the ratio of element size. These ratios apply if the non-linear plastic region of the curves is not considered.
Numerical example: open-hole tension test
In order to verify damage propagation and localisation, a series of analyses were performed using the geometry of an open-hole tension (OHT) specimen shown in Fig. 4. A detail of the mesh used for the analyses is shown in Fig. 5 . In order to verify the influence of the element size, three different meshes were generated with different sizes of element in the region where damage is expected to localise. This region is marked with l e in Fig. 5 . 
Pressure sensitivity test
In order to demonstrate the pressure sensitivity of the material model proposed in this paper, a simple uniaxial compression test has been performed on a small rectangular-shaped thin specimen as seen in Fig. 7 . A small notch has been positioned in the top side of the specimen in order to trigger crack localisation. It can be seen that by applying a compressive effort on such component there is a clear tendency for the formation of a shear band inclined relatively to the loading direction (xx-direction), which later gives origin to a damaged band of material. On a tensile test, the orientation of such band of material is along a transverse plane to the loading direction. However, given the greater resistance to compressive efforts due to hydrostatic pressure sensitivity, typical epoxy resins will see the formation of localised shear bands along a 45°angle to the loading direction as seen in Fig. 7 .
Conclusions
Micromechanical analyses can provide a better insight on the constitutive behaviour of any composite material. Such analyses can be used to determine not only the elastic constants of the composite starting from the properties of each constituent, but can also provide the strength properties under a miscellanea of loading conditions, given the fact that each constituent is modelled with a physically sound constitutive model. Both elastic and strength properties determined from micromechanics can be used in analytical failure criteria as input parameters, making no longer necessary to accept assumptions, sometimes arguable, so often the case in analytical models. This paper presents a thermodynamically sound elasto-plastic constitutive model developed for epoxy matrix materials typically found in unidirectional composite materials. The model is based in a paraboloidal yield criteria initially proposed by Tschoegl (1971) , which considers the influence of different yields strengths under tension or compression and pressure sensitivity. Isotropic damage is added to the constitutive model. Regularisation of dissipated energy is implemented in order to guarantee mesh size independence. In order to assure convergence, the consistent tangent operator has been determined. The constitutive model here presented is proven to adequately capture the yield behaviour of a typical epoxy matrix as per comparison with available experimental data, including shear non-linear behaviour and hydrostatic pressure dependency.
The second part of this paper will be devoted to the application of this constitutive model to micromechanical analyses of unidirectional composite materials, under different loading conditions, and determining the influence of the matrix material in damage initiation and propagation. 
